Abstract. Let K(ϕ) be the class of functions f (z) = z + a 2 z 2 + . . . which are holomorphic and convex in direction e iϕ in the unit disk D, i.e. the domain f (D) is such that the intersection of f (D) and any straight line {w : w = w 0 + te iϕ , t ∈ R} is a connected or empty set. In this note we determine the radius r ψ,ϕ of the biggest disk |z| ≤ r ψ,ϕ with the property that each function f ∈ K(ψ) maps this disk onto the convex domain in the direction e iϕ .
1.
The class of holomorphic functions in the unit disk D = {z : |z| < 1} which are convex in some direction plays an important role in the extremal problems of univalent holomorphic and harmonic functions (e.g. Goodman [2] , Clunie and Sheil-Small [1] , Ruscheweyh and Salinas [7] ).
The class of holomorphic functions
which map D onto a domain f (D) such that the intersection of f (D) with any straight line {w : w = w 0 + te iϕ , t ∈ R} is a connected or empty set for all w 0 ∈ C, is called the class of convex functions in direction e iϕ , ϕ ∈ R, and is denoted by K(ϕ). In particular, K(π/2) = K(−π/2) = CIA is known as the class of convex functions in the direction of the imaginary axis.
Many properties of this class have been studied and different normalizations were considered (Goodman [2] and Hengartner and Schober [4] , [5] ). In the problem under consideration we can restrict ourselves to the classical normalization (1) . Of course, the class K(ϕ) consists only of univalent functions [2, p. 196] .
It was observed by Hengartner and Schober [5] that f (z) ∈ CIA does not imply f (rz)/r ∈ CIA for all r ∈ (0, 1), contrary to the other classes of univalent functions like convex, starlike and close-to-convex. It was shown by Prokhorov [6] and by a completely different method by Ruscheweyh and Salinas [7] that only the circles {z : |z| = r ≤ √ 2 − 1} are mapped by f (z) ∈ CIA onto the domains convex in the direction of the imaginary axis, and this result is sharp (see also Goodman and Saff [3] ). During the Conference on Computational Methods and Function Theory, Aveiro, 2001, Suffridge posed the problem of finding the radius of the biggest disk |z| ≤ r ψ,ϕ with the property that each function f ∈ K(ψ) maps this disk onto the convex domain in the direction ϕ. In this note we find the exact value of r ψ,ϕ .
2.
In order to state our Theorem we observe that if
and therefore we can assume without loss of generality that
Denote r ϕ := r π/2,ϕ . We have
where
From the geometric properties of the convexity in the direction of the imaginary axis it follows that the function
has to be non-negative and non-positive respectively for θ corresponding to two complementary arcs of the unit circle z = e iθ [2, p. 195] . This is equivalent to the fact that the function
attains its extremal values on some intervals
, only at the end points. Suppose r ϕ is the critical radius for f (z), therefore there exists a critical point θ 0 such that u (θ 0 ) = u (θ 0 ) = 0, which can be expressed under the denotation z 0 = r ϕ e iθ0 as
According to (6) e iθ0 F α (z 0 ) is real. Hence the function
Substituting (8) into (6) and (7) 
,
maps D onto the complex plane minus a continuum on the straight line which passes through the origin and has the slope (π/2 − γ). This means that z 1 = e iθ1 and z 2 = e iθ2 where (
Inequality (15) and equation (13) imply the estimate
Notice that all the inequalities in (15) are sharp. To show that estimate (16) cannot be improved we should determine a function G −α (z) ∈ CIA for which the inequalities (15) become equalities. Going back to g(z), F α (z) and f (z) ∈ CIA by (11), (8) and (3) we find the extremal function of the above problem.
We will give the explicit examples for ϕ
This is a special case of the formula (14) with p(z) = (1 + e i3β z)/(1 + e iβ z) and
From (11) and (17) we have
and therefore
Equations (2), (13) and (18) imply that if r = r ϕ + for > 0 small enough, then
Equation (13) does not depend on (12), and the critical value θ 0 can be found directly from (12).
Inequality (19) together with (12) mean that there are at least four different points θ ∈ [0, 2π] where the function
changes its sign. Therefore the function F α (rz)/r does not belong to CIA. This completes the proof of the Theorem. 
